Introduction
In this paper we define some universal 1 -cohomology class on a lagrangian submanifold S ⊂ M of a simply connected compact symplectic manifold (M, ω) which satisfy the following conditions:
-(M, ω) is pseudo -Einstein s.t.
where K ω is the associated canonical class of the symplectic form ω and k is a constant; -S is Bohr -Sommerfeld (the definition of Bohr -Sommerfeld lagrangian submanifolds see in section 1 or in [5] ).
We call this 1 -cohomology class the universal Maslov class since, as it is explained below, this class is a natural generalization of the known Maslov class for lagrangian immersions to symplectic vector spaces, see [1] . At the same time our construction doesn't use the standard for the compact case idea to introduce the notion of index for membranes which bound loops on a given lagrangian submanifold, as it was proposed in [7] and many other papers. For example, Fukaya in [4] already mentioned that in the situation which we study it is possible to define some Maslov index for Bohr -Sommerfeld lagrangian submanifolds of a pseudo -Einstein manifold with respect to an integrable complex structure. In our construction one doesn't require that such a structure exists on our symplectic manifold M. At the same time this paper is just a consequence of [10] where one mostly concentrates on the case of Kahler -Einstein manifolds since in this case there is some relationship of the constructed Maslov class and the minimality problem for lagrangian submanifolds. At the same time it is clear (we will see it at Section 3) that the definition of the universal Maslov class, given in the present paper, agrees with the definition of the Maslov class of a Bohr -Sommerfeld lagrangian embedding to a Kahler -Einstein manifold, given at [10] . Namely, if a given simply connected pseudo -Einstein symplectic manifold admits a Kahler -Einstein metric, then for a Bohr -Sommerfeld lagrangian embedding the universal Maslov class and the Maslov class, defined by the Kahler -Einstein metric, coincide. It follows that we can add several new facts to the discussion of [10] . First, for a given simply connected Kahler -Einstein manifold the Maslov class of a Bohr -Sommerfeld lagrangian submanifold doesn't depend on the choice of the Kahler -Einstein structure. Second, if a Bohr -Sommerfeld lagrangian submanifold has non trivial universal Maslov class in a simply connected pseudo -Einstein symplectic manifold then there is no Kahler -Einstein metric on this symplectic manifold such that the lagrangian submanifold is minimal with respect to it.
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Bohr -Sommerfeld condition
Let (M, ω) be a simply connected compact symplectic manifold and suppose that its canonical class K ω is proportional to the cohomology class of the symplectic form:
We call such a manifold pseudo -Einstein, following [4] , although in some cases (if k < 0) it is reasonable to use another term -pseudo -Fano symplectic manifolds. We will work with the anticanonical line bundle K
It is realized as follows: let us fix an almost complex structure I, compatible with ω, then the pair (ω, I) can be completed to the corresponding hermitian triple (ω, G, I), where G is the corresponding riemannian metric. Thus it induces a hermitian structure H on the tangent bundle T M and as a complex bundle (T M, H) is isomorphic to the holomorphic tangent bundle T 1,0 M (which is well defined for non -integrable complex structures as well as for the integrable ones). The determinant complex line bundle det T 1,0 M, endowed with the corresponding hermitian structure, is the anticanonical line bundle K −1 . Topologically as a C * -bundle it is defined by the first Chern class c 1 (K −1 ) which we denote by the same symbol K −1 , following algebrogeometrical traditions.
For any almost complex structure one has the corresponding hermitian structure h on the complex line bundle K −1 and thus the space of hermitian connections A h (K −1 ) is defined (all details of the theory of connections, curvatures and gauge transformations can be found, f.e., in [3] ). The gauge group G h acts on this space and it is known that for the abelian connections on a simply connected manifold every gauge equivalence class of connections is defined by the curvature form which belongs to Ω 2 M (iR), see [3] . Therefore if we impose the condition on the curvature form
we get precisely one orbit
where a is a connection, satisfies (1) , and this orbit consists of all solutions of (1). As usual, for each pair a, a 1 ∈ O k·ω the difference a − a 1 ∈ Ω 1 M (iR) is a pure imaginary exact 1 -form.
Let us fix an element a from O k·ω . Then for a smooth lagrangian submanifold S ⊂ M one can consider the restriction of the pair (K −1 , a) on it getting a trivial line bundle with a flat connection. Indeed, since the curvature F a is proportional to the symplectic form, a is flat being restricted to any lagrangian submanifold by the definition. Thus we get a pair (K −1 | S , a| S ) and for this flat connection one considers its character on the fundamental group π 1 (S).
A lagrangian submanifold is called Bohr -Sommerfeld if this character is trivial (see, f.e., [5] , where all details can be found). At the first glance the definition depends on the choice of the reference connection a ∈ A h (K −1 ) but the point is that for a simply connected pseudo -Einstein symplectic manifold this notion is universal. Indeed, if we change the reference connection a in the gauge equivalence class O k·ω then the character must be the same for any S ⊂ M since it is invariant under the gauge group action. If, further, we change the hermitian structure h to another h ′ on the anticanonical line bundle, then connections
since they have the same curvature form and thus the characters of a| S and a ′ | S must be the same.
Thus in the situation we study in this paper the notion of Bohr -Sommerfeld lagrangian submanifolds is universal.
It was discussed several times, see [8] , [9] , that while the standard lagrangian condition is static, the Bohr -Sommerfeld condition is dynamical; this means that locally the space of Bohr -Sommerfeld lagrangian submanifolds is generated by strictly hamiltonian vector fields and therefore the space of all isodrastic deformations of a given Bohr -Sommerfeld lagrangian submanifold is exhausted by infinitesimal symplectomorphisms of (M, ω) (and of course every given S 0 in this representation has a huge stabilizer
In what follows we work with Bohr -Sommerfeld lagrangian submanifolds.
Universal class
Let (M, ω) be a simply connected pseudo -Einstein manifold and S is a smooth lagrangian submanifold, satisfies the Bohr -Sommerfeld condition with respect to the anticanonical line bundle (note that every Bohr -Sommerfeld lagrangian submanifold must be orientable). Let us fix an almost complex structure I, compatible with ω, and take an abelian connection a ∈ O k·ω ⊂ A h (K −1 ) as it was done in section 1. On the other hand, the choice of I gives an isomorphism
together with an identification of the hermitian structure on K −1 | S induced by I and the complexification of the special orthogonal structure on det T S, given by the restriction to S of the riemannian metric G from the hermitian triple (ω, G, I). As it was shown in [10] ) the canonical trivialization of the restriction K −1 | S to an orientable lagrangian submanifold S is given by the orthogonal projection of the top polivector field of unit lenth to Λ n T 1,0 M| S . Indeed, at any point p ∈ S ⊂ M the space
Local computations show that the orthogonal projection of a unit vector from Λ n T p S to the complex line K −1 p never vanishes. If S is orientable then Λ n T p S is trivial and there are two sections of unit lenth, whose orthogonal projections to K −1 |S induce two trivializations, which we call canonical, and since these trivializations are conjugated by the canonical U(1) -action, we have one canonical trivial connection on K −1 | S which we denote as A 0 ∈ A H (K −1 | S ) and which is independeent on the orientation choice. Thus under the indentification (2) there are two flat connections with trivial characters. Therefore as in paper [10] we can compare two flat connections with trivial characters on π 1 (S); it follows from the coincidence of the characters that a| S and A 0 belong to the same class of gauge equivalence in A h (K −1 | S ) and hence they are related by a gauge transformation
This gauge transformation gives us some 1 -cohomology class on S by the rule
where Example. If one takes a symplectic vector space V 2n with a constant symplectic form Ω as the simply connected symplectic manifold then the universal Maslov class, introduced above, is exactly the "classical" Maslov class from [1] . Indeed, in this case one can take as the reference connection on the anticanonical line bundle the determinant Levi -Civita connection of a constant integrable complex structure I, compatible with Ω. Then the universal class (3) can be computed from the comparison of the globel trivializing covariantly constant section of the anticanonical line bundle and the riemmanian volume form on the lagrangian submanifold. And the last one gives the calssical definition.
We must emphasize however that at the moment our universal Maslov class exists only for smooth embeddings S ⊂ M by the definition. Indeed, for the immersion case one should work on the definition from the point of view of singular connections and gauge transformations (singularities arise at the self intersection points of the images of immersions).
The class introduced above is universal since
Proposition 1
The definition of the universal Maslov of an orientable Bohr -Sommerfeld lagrangian submanifold S ⊂ M of a pseudo -Einstein simply connected symplectic manifold (M, ω) is correct, s.t. it doesn't depend on the choice of I and a.
Indeed, the space of compatible almost complex structure for a symplectic manifold is contractible. For each almost complex structure giving the corresponding hermitian structure h on K −1 the orbit O k·ω is connected (and the simply connectedness of M is essential!). The topological type of g S is constant on the connected space of pairs (I, a), and this type is exactly carried by class m S .
Moreover, it's not hard to establish that Proposition 2 1. The universal Maslov class of a Bohr -Sommerfeld lagrangian submanifold of a simply connected pseudo -Einstein symplectic manifold is invariant under isodrastic deformations. 2. The universal Maslov class of a Bohr -Sommerfeld lagrangian submanifold of a simply connected pseudo -Einstein symplectic manifold is equivariant with respect to the action of the symplectomorphism group of (M, ω). Remark 1. It's not hard to extend the considerations to non simply connected case. Indeed, if M has non trivial 1-cohomology group:
then there are various G h -orbits of solutions for equation (1) 
is a closed 1 -form. After restriction to S this form has integer values on H 1 (S, Z) since S is Bohr -Sommerfeld for both a 1 and a 2 . Therefore it defines an element from H 1 (S, Z) and it's clear that this element equals exactly to the difference
Hence the class, given by our construction, is not universal in general for non simply connected case; however if the evaluation map
is trivial, the construction works and we get the universal class. Otherwise we have some interesting "tunneling effect". Remark 2. The universal Maslov class can be understood as an obstruction. Consider a simply connected pseudo -Einstein symplectic manifold (M, ω) together with a Bohr -Sommerfeld lagrangian submanifold. If we fix a compatible almost complex structure then we get the trivial connection a 0 ∈ A h (K −1 | S ). The natural question arises: can this connection be extended to a global connection a ∈ A h (K −1 ) with the curvature form, proportional to the symplectic form? If the universal Maslov class m S ∈ H 1 (S, Z) is non trivial then the extension doesn't exist. On the other hand, if the universal Maslov class is trivial m S = 0, then such an extension exists (and there are lot of such extensions). Thus the universal Maslov class is the obstruction to the existence of such extensions.
There are some additional remarks in the non orientable case, but we leave it outside of our present discussion.
The Kahler -Einstein case
Consider now the following situation: let (M, ω) be a simply connected pseudo -Einstein manifold, S ⊂ M be a Bohr -Sommerfeld lagrangian sub-manifold and suppose that (M, ω) admits Kahler -Einstein metrics. This means that there are exist integrable complex structures compatible with our symplectic form ω and moreover the corresponding Kahler metrics have the same Ricci form, proportional to ω, see [6] . The case of lagrangian embeddings to Kahler manifolds was studied in [10] , and there one establishes that the classical definition of the Maslov class from [1] can be generalized to the case of lagrangian embeddings satisfy some strong property: the restriction to S ⊂ M of the determinant Levi -Civita connection a LC is flat and trivial (admits covariantly constant sections), see [10] . For such a lagrangian submanifold one defines the phase
which is the gauge transformation, transporting a LC | S to a 0 , and the Maslov class is given by the formula
details see in [10] . Denote as I the moduli space of Kahler -Einstein metrics on M and consider an element I of this space. In our case for a Bohr -Sommerfeld lagrangian submanifold S ⊂ M the flatness and the triviality conditions on the determinant Levi -Civita connection a LC , induced by I, are satisfied automatically and it is not hard to see that Proposition 3 The Maslov class m S = m S (I) induced by the complex structure I coincides with the universal Maslov class.
Indeed, for a Kahler -Einstein metric the determinant Levi -Civita connection a LC ∈ A h (K −1 ) belongs to the orbit O k·ω defined in Section 1, and thus a LC can be taken as the reference connection a of the construction of Section 2. Then the 1-cohomology class is the same by the definition.
But the universal Maslov class doesn't depend on the choice of complex structures and it follows that the Maslov class of [10] is the same for all elements of I. Further we've established in [10] that the Maslov class in the Kahler -Einstein case is the obstruction to the possibility of isodrastic deformation to a minimal lagrangian submanifold. As a corollary we get the following Proposition 4 Let (M, ω) be a simply connected pseudo -Einstein symplectic manifold and S ⊂ M be a Bohr -Sommerfeld lagrangian submanifold. Then if the universal Maslov class m S ∈ H 1 (S, Z) is non trivial, then there is no Kahler -Einstein metric on M such that S is minimal with respect to it.
The proof is obvious.
Universal Maslov class and Maslov index
As it was already pointed out above attempts, generalizing the notion of the Maslov class to the compact case, usually are based on the introduction of some index, attached to loops on a given lagrangian submanifold. Let S ⊂ M be a lagrangian submanifold of a simply connected symplectic manifold and γ ⊂ S -a loop. Since the ambient symplectic manifold is simply connected, then there exists a disc D ⊂ M, whose boundary coincides with γ:
Then for any (almost) complex structure I, compatible with ω, one proposes to compare two trivializations of the anticanonical line bundle K −1 , restricted to γ, namely:
(A) the canonical trivialization, given by the orthogonal projection of the top polivector field on S, which is dual to the volume form of the corresponding riemannian metric, (B) the trivialization, given over the disc D and then restricted to the boundary of the disc, (for example, the last paper on the subject, which can be found in arXiv, [2] , suggests exactly this definition). But this approach doesn't give a correct definition since the second trivialization is not uniquelly defined.
Really, the restriction of the anticanonical line bundle K −1 to the disc D is topologically trivial. But the set of possible trivializations is not connected -the components can be distinguished by the topological degree of the restriction to the boundary ∂D of the disc. Let's illustrate it by the simplest example.
Example. Topologically trivial complex line bundle over the unit disc
can be identified with the complex function space, and then any function, non vanishing on D, induces a trivialization. Restricting such a function to the boundary ∂D = γ = {z ∈ C | |z| = 1}
we get a map to C * , which has a topoligcal invariant -its degree (of course, we consider the oriented boundary). Let's take two trivializing functions
both of them do not vanish on D and therefore both of them trivialize our trivial bundle. But it's not hard to see that the degree of their restrictions to D is not the same -for f 1 it is trivial while for f 2 it equals to 1. Which one from these two trivializations should be taken for the definition of the index of membrane if they are topologically indistinguishable? At the same time it is clear that the membrane indexes, defined by these trivializations, are different.
Thus it is necessary to use some additional data to distinguish trivializations over D. Such a marking can be given by a certain connection only; in the integrable case this is the determinant Levi -Civita connection or some its derivation (in [10] it was shown how one can reduce the determinant connection to a flat and trivial one, using the distance function on the orbit space of connections under the gauge group action). The determinant connection itself can be exploited only in the case when it is flat and trivial being restricted to D. However in general case for a fixed loop γ such a disc doesn't exist. Under the taking some reduced connection one loses the possibility of lifting the index to the classes of discs (in π 2 (M, S, Z)) and the classes of loops (in π 1 (S)), which makes the application of the construction quite reduced and special. Moreover, one loses the invariance under the hamiltonian deformations, the relationship to the minimality problem, and instead it arises a problem of universality, known in the Kahler quantization. Namely, a given quantized symplectic manifold can admit a moduli space consists of non isomorphic Kahler structures compatible with the given symplectic structure. And then the result of quantization, if it uses an integrable complex structure, must be independent on the structure, must be invariants of the moduli space.
Of course, in the situation, we choosed to study (Bohr -Sommerfeld lagrangian embedding to a simply connected compact pseudo -Einstein symplectic manifold) for any membrane D ⊂ M it exists an appropriate addi-
, which is defined up to gauge equivalence by the condition
From the Bohr -Sommerfeld condition it follows that integral
and hence a 1 has trivial monodromy on the loop γ, and thus there is a distinguished trivialization of the restriction K −1 | γ , which corresponds to a 1 . However it's not hard to see that given by this rule distinguished trivialization (such that one gets the required membrane index, comparing trivialization (A) with this given trivialization) doesn't depend on the disc D (even if the group π 2 (M, S; Z) is not trivial), since the connection a 1 is the restriction of a global connection a ∈ A h (K −1 ), defined over whole M, and we construct our universal Maslov class of a Bohr -Sommerfeld lagrangian embedding to a simply connected pseudo -Einstein symplectic manifold using exactly this connection.
Let's present one more illustration of the universal Maslov class introduced in this paper, precisely in connection with the filling of loops of lagrangian submanifolds by discs or membranes. 
In other words, a loop γ ⊂ S has trivial Maslov index if and not only if the loop can be extended by a disc, but if and only if the pair (γ, A 0 | γ ) (which is often called supercicle) can be extended by a pair (D,
Proof. Suppose m S ([γ]) = 0. This means that for an almost complex structure I there exists some reference connection a ∈ A h (K −1 ) with curvature F a = 2πikω such that the difference
is a pure imaginary closed 1 -form with trivial integral over γ:
(since it is exactly the value of the Maslov class on [γ] ). This implies that 1 -form ρ is exact and there exists a real smooth function f such that df = ρ.
For any disc D, lies inside γ, there exists an extension of function f on the boundary ∂D = γ which is a smooth function F on whole disc D. Then the required connection A on D is given by the formula
In the opposite direction, let us fix any I and D and for this pair consider the connection A ∈ A h (K a| S i = a i 0 . Several questions arise: first, is the relationship is an equivalence indeed; second, does this relationship depend on the choice of an almost complex structure or it is universal; third, is this relationship a reduction of the standard homology theory. One expects that these preliminary questions have meaningful answers and this will lead to new interesting constructions. This theme will be in the focus of our further investigations.
